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ON NITSCHE’S METHOD FOR ELASTIC CONTACT PROBLEMS
TOM GUSTAFSSON, ROLF STENBERG, AND JUHA VIDEMAN
Abstract. We derive a priori and a posteriori error estimates for the fric-
tionless contact problem between two elastic bodies. The analysis is based on
interpreting Nitsche’s method as a stabilised finite element method for which
the error estimates can be obtained with minimal regularity assumptions and
without the saturation assumption. We present three different Nitsche’s mor-
taring techniques for the contact boundary each corresponding to a different
stabilising term. Our numerical experiments show the robustness of Nitsche’s
method and corroborates the efficiency of the a posteriori error estimators.
1. introduction
In this paper, we analyse the Nitsche method for elastic contact problems. Over
the last decade, this method has been studied by a number of authors, see, e.g.,
[6, 4, 5, 7], and shown to be a robust and efficient method. The advantages are an
easy implementation based on the displacement variables only and, when compared
to mixed methods with Lagrange multipliers, the absence of an ”inf-sup” stability
condition which renders a symmetric positive definite system instead of one with a
saddle point structure.
From a theoretical point of view, the previously mentioned works suffer from two
shortcomings. First, for the problem posed in H1, the solution is typically assumed
to be in Hs, with s > 3/2. Second, the a posteriori error analyses are often based
on a non-rigorous saturation assumption.
We have addressed these issues in our recent articles, cf. [10, 11]. Our approach
dates back to [15] where different ways to enforce weakly the Dirichlet boundary
conditions were discussed in the context of the so called stabilised mixed methods
[1, 2] wherein the bilinear form of the original mixed finite element method is
augmented with a properly weighted residual term to ensure stability. In [15], it
was shown that the local elimination of the Lagrange multiplier leads essentially to
a method introduced by Nitsche in the early age of the finite element analysis [14].
Since Nitsche’s method is straightforward both to analyse (under the additional
smoothness assumption) and to implement, we started to advocate it, in particular
for contact problems, cf. [16, 3].
What we have realised recently is that one should take full advantage of the
relation between Nitsche’s and stabilised method when analysing the former. In
fact, we were able to get rid of both the smoothness and the saturation assumption
for the membrane obstacle problem in [10]. In this paper, we will continue on
this path and perform a complete error analysis, both a priori and a posteriori,
for the elastic two-body contact problem without friction. Besides the theoretical
improvements, we present three versions of the Nitsche method where the changes
in the material parameters between the bodies are taken into account. The simplest
is a typical ”master-slave” approach where the contact surface of the stiffer body
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is chosen as the master part and the slave surface is then mortared by the Nitsche
technique. In the two other variants, the material parameters appear as weights
in the Nitsche formulation so that the methods decide by themselves which part is
the master and which is the slave.
Our analysis is built upon our earlier works, cf. [10, 9], and hence some of the
proofs are only outlined. We also note that the elastic contact problem literature is
vast and therefore we only refer to the review paper [18], and to all the references
therein, for the analysis and application of finite element methods arising from
mixed formulations. We end the paper by presenting results of our computational
experiments.
2. The contact problem
Let Ωi ⊂ Rd, i = 1, 2, d ∈ {2, 3}, denote two elastic bodies in their reference
configuration and assume that the bodies are initially in contact. Moreover, assume
that Ωi are polygonal (polyhedral) domains and denote by Γ = ∂Ω1 ∩ ∂Ω2 their
common boundary. The boundary ∂Ωi is split into three disjoint sets ΓD,i,ΓN,i
and ΓC,i, with ΓD,i denoting the part where homogeneous Dirichlet data is given,
ΓN,i the part with a Neumann boundary condition and ΓC,i the part where contact
can occur, see Figure 1.
Letting ui : Ωi → Rd, i = 1, 2, be the displacement of the body Ωi, the infini-
tesimal strain tensor is defined as
(2.1) ε(ui) =
1
2
(
∇ui + (∇ui)T
)
.
We assume homogenous isotropic bodies and a plain strain problem in the two
dimensional case. The stress tensor is thus given by
(2.2) σi(ui) = 2µi ε(ui) + λi tr ε(ui)I,
where µi > 0 is the shear modulus and λi the second Lame´ parameter of the body
Ωi and I denotes the d-dimensional identity tensor. Moreover, we let ni ∈ Rd be
the unit outward normal on ∂Ωi and define n = n1 = −n2. In what follows, t
denotes any unit vector that satisfies n · t = 0.
We decompose the traction vector on ∂Ωi, σi(ui)ni, into its normal and tan-
gential parts, viz.
(2.3) σi(ui)ni = σi,n(ui) + σi,t(ui).
For the scalar normal tractions we use the sign convention
(2.4) σ1,n(u1) = σ1,n(u1) · n1,
and
(2.5) σ2,n(u2) = −σ2,n(u2) · n2,
and note that on Γ these tractions are either both zero or continuous and compres-
sive, i.e. it holds that
(2.6) σ1,n(u1) = σ2,n(u2), σi,n(ui) ≤ 0, i = 1, 2.
The physical non-penetration constraint on Γ reads as
(2.7) u1 · n1 + u2 · n2 ≤ 0,
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which, defining
(2.8) un = −(u1 · n1 + u2 · n2)
can be written as
(2.9) JunK ≥ 0,
where J·K denotes the jump over Γ.
We thus have the following problem.
Ω1 Ω2ΓΓD,1 ΓD,2
n
Figure 1. Notation for the elastic contact problem.
Problem 1 (Strong formulation). Find ui : Ωi → Rd, i = 1, 2, d ∈ {2, 3}, such
that
(2.10)
−divσi(ui) = fi in Ωi,
ui = 0 on ΓD,i,
σi(ui)ni = 0 on ΓN,i,
σi,t(ui) = 0 on Γ,
σ1,n(u1)− σ2,n(u2) = 0 on Γ,JunK ≥ 0 on Γ,
σi,n(ui) ≤ 0 on Γ,JunKσi,n(ui) = 0 on Γ,
where fi ∈ [L2(Ωi)]d denotes the volume force on Ωi.
Letting λ = −σ1,n(u1) = −σ2,n(u2) denote a Lagrange multiplier associated
with the contact constraint, we obtain an equivalent mixed formulation in which
the normal traction on the contact surface is an independent unknown.
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Problem 2 (Mixed formulation). Find ui : Ωi → Rd, i = 1, 2, d ∈ {2, 3}, and
λ : Γ→ R, such that
(2.11)
−divσi(ui) = fi in Ωi,
ui = 0 on ΓD,i,
σi(ui)ni = 0 on ΓN,i,
σi,t(ui) = 0 on Γ,
λ+ σ1,n(u1) = 0, on Γ,
λ+ σ2,n(u2) = 0, on Γ,JunK ≥ 0 on Γ,
λ ≥ 0 on Γ,JunKλ = 0 on Γ.
To present a variational formulation for Problem 2, we introduce function spaces
for the displacements
(2.12) Vi = {wi ∈ [H1(Ωi)]d : wi|ΓD,i = 0},
and equip them with the usual norms ‖ · ‖1,Ωi . Moreover, we write V = V1 × V2
and assume that Γ is a compact subset of ∂Ωi \ ΓD,i for i = 1, 2. Thus the normal
components of the displacement traces on the contact zone are in H
1
2 (Γ) with the
intrinsic norm in H
1
2 (Γ) defined by (cf., e.g., [17])
(2.13) ‖w‖21
2 ,Γ
= ‖w‖20,Γ +
∫
Γ
∫
Γ
|w(x)− w(y)|2
|x− y|d dx dy.
The inequality constraint on Γ is imposed by the Lagrange multiplier which
belongs to H−
1
2 (Γ), the topological dual of H
1
2 (Γ), i.e. H−
1
2 (Γ) = H
1
2 (Γ)′. The
duality pairing is denoted by 〈·, ·〉 : H 12 (Γ)×H− 12 (Γ)→ R, and the norm is then
(2.14) ‖ξ‖− 12 ,Γ = sup
w∈W
〈w, ξ〉
‖w‖ 1
2 ,Γ
.
Moreover, we define the positive part of H−
1
2 (Γ) as
(2.15) Λ = {ξ ∈ H− 12 (Γ) : 〈w, ξ〉 ≥ 0 ∀w ∈ H 12 (Γ), w ≥ 0 a.e. on Γ}
and introduce the bilinear and linear forms
(2.16) B(w, ξ;v, µ) =
2∑
i=1
(σi(wi), ε(vi))Ωi − 〈JvnK , ξ〉 − 〈JwnK , µ〉 ,
and
(2.17) L(v) =
2∑
i=1
(fi,vi)Ωi .
The variational problem now reads as follows:
Problem 3 (Weak formulation). Find (u, λ) ∈ V × Λ such that
(2.18) B(u, λ;v, µ− λ) ≤ L(v) ∀(v, µ) ∈ V × Λ.
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3. Finite element method
Let the bodies Ωi ⊂ Rd be separately divided into sets of non-overlapping sim-
plices Cih, i = 1, 2. The d − 1 dimensional facets of the elements in Cih are further
divided into the set of interior facets E ih, the set of facets on the contact boundary
Gih, and the set of facets on the Neumann boundary N ih. We denote by G12h the
boundary mesh on Γ which is obtained by intersecting the facets of G1h and G2h.
In particular, each E ∈ G12h corresponds to a pair (E1, E2) ∈ G1h × G2h such that
E = E1 ∩ E2. The finite element subspaces are
Vi,h = {vi,h ∈ Vi : vi,h|K ∈ [Pp(K)]d ∀K ∈ Cih},(3.1)
Vh = V1,h × V2,h,(3.2)
Qh = {ηh ∈ H− 12 (Γ) : ηh|E ∈ Pp(E) ∀E ∈ G12h },(3.3)
where Pp(K) denotes the polynomials of degree p on K. Moreover, we introduce a
subset of Λ, denoted by Λh, as the positive part of Qh, i.e.
(3.4) Λh = {ηh ∈ Qh : ηh ≥ 0}.
Now, defining a stabilised bilinear form Bh through
(3.5) Bh(wh, ξh;vh, ηh) = B(wh, ξh;vh, ηh)− αSh(wh, ξh;vh, ηh),
where α > 0 is a stabilisation parameter and
(3.6) Sh(wh, ξh;vh, ηh) =
2∑
i=1
∑
E∈Gih
hE
µi
(
ξh + σi,n(wi,h), ηh + σi,n(vi,h)
)
E
,
we arrive at the following finite element formulation which is an extension of the
mortar method introduced in [13, 9].
Problem 4 (Stabilised discrete formulation). Find (uh, λh) ∈ Vh × Λh such that
(3.7) Bh(uh, λh;vh, ηh − λh) ≤ L(vh) ∀(vh, ηh) ∈ Vh × Λh.
We will now derive an equivalent formulation wherein the Lagrange multiplier is
not explicitly present. To this end, we start by defining L2(Γ)-functions hi through
(3.8) hi|E = hE ∀E ∈ Gih, i = 1, 2,
and introduce the notation
(3.9) {σn(uh)} = h1µ2h1µ2 + h2µ1
σ1,n(u1,h) +
h2µ1
h1µ2 + h2µ1
σ2,n(u2,h),
i.e. a convex combination of the discrete normal tractions. Furthermore, we let
(3.10) lh(uh) = −{σn(uh)} − βh Juh,nK ,
where
(3.11) βh =
µ1µ2
α(h1µ2 + h2µ1)
.
Next, we will show that the discrete Lagrange multiplier λh can be eliminated
locally (i.e. element by element). This leads to a Nitsche formulation with the
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displacements as sole unknowns. Choosing vh = 0 in the variational inequality
(3.7), gives
(3.12) − 〈Juh,nK , ηh − λh〉 − α 2∑
i=1
∑
E∈Gih
hE
µi
(
λh + σi,n(ui,h), ηh − λh)E ≤ 0,
which, in view of the notation defined above, can be written as
(3.13) 〈λh − lh(uh), ηh − λh〉 ≤ 0 ∀ηh ∈ Λh.
Let then E ∈ G12h be an element on which λh|E > 0 and denote by φE one of the
basis functions of Qh|E . Moreover, choose a test function ηh in (3.13) in such a
way that it vanishes at Γ \E and ηh|E = λh± φE , with  > 0 chosen small enough
so that ηh|E > 0. It follows that
(3.14) 0 = 〈λh − lh(uh), φE〉 =
∫
E
(
λh − lh(uh)
)
φE ds
and, since
(3.15)
(
λh − lh(uh)
)|E ∈ Qh|E ,
we conclude that
(3.16)
(
λh − lh(uh)
)|E = 0.
This shows that
(3.17) λh = (lh(uh))+ ,
where (a)+ = max(0, a) denotes the positive part of a.
The discrete contact region, defined as
(3.18) ΓC,h = {x ∈ Γ : λh(x) > 0 },
can now, in view of (3.17), be written as
(3.19) Γc(uh) = {x ∈ Γ : lh(uh(x)) > 0}.
On the other hand, testing with vh in (3.7) and using (3.17) yields
(3.20)
2∑
i=1
(σi(ui,h), ε(vi,h))Ωi − 〈Jvh,nK , (lh(uh))+〉
− α
2∑
i=1
∑
E∈Gih
hE
µi
(
(lh(uh))+ + σi,n(ui,h), σi,n(vi,h)
)
E
=
2∑
i=1
(fi,vi,h)Ωi ∀vh ∈ Vh.
It follows from (3.10) that
(3.21)
−〈Jvh,nK , (lh(uh))+〉
=
(
{σn(uh)} , Jvh,nK)
Γc(uh)
+
(
βh Juh,nK , Jvh,nK)
Γc(uh)
,
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and on Γc(uh) it holds that
(lh(uh))+ + σ1,n(u1) =
h2µ1
h1µ2 + h2µ1
(
σ1,n(u1)− σ2,n(u2)
)− βh Juh,nK ,(3.22)
(lh(uh))+ + σ2,n(u2) =
h1µ2
h1µ2 + h2µ1
(
σ2,n(u2)− σ1,n(u2)
)− βh Juh,nK .(3.23)
Therefore, defining the jump
(3.24) Jσn(uh)K = σ2,n(u1)− σ1,n(u2),
and the L2(Γ)-function
(3.25) γh =
αh1h2
h1µ2 + h2µ1
,
and substituting the above five expressions into (3.20), we obtain after rearrang-
ing terms the following Nitsche’s formulation for Problem 4 with uh as the sole
unknown.
Nitsche formulation 1. Find uh ∈ Vh such that
(3.26)
2∑
i=1
(σi(ui,h), ε(vi,h))Ωi +
(
βh Juh,nK , Jvh,nK)
Γc(uh)
+
(
{σn(uh)} , Jvh,nK)
Γc(uh)
+
(
{σn(vh)} , Juh,nK)
Γc(uh)
−
(
γh Jσn(uh)K , Jσn(vh)K)
Γc(uh)
− α
2∑
i=1
(hi
µi
σi,n(ui,h), σi,n(vi,h)
)
Γ\Γc(uh)
=
2∑
i=1
(fi,vi,h)Ωi ∀vh ∈ Vh.
Remark 3.1. Since σn(ui) vanishes on Γ\Γc(uh), this set can be reinterpreted as
being part of ΓN,i, i = 1, 2. Consequently, the term
α
2∑
i=1
(hi
µi
σi,n(ui,h), σi,n(vi,h)
)
Γ\Γc(uh)
can be dropped.
Next we present two other variants of Nitsche’s method. The first is the so called
”master-slave” formulation.
Assume that the material parameters satisfy µ1 ≥ µ2. The body Ω1 is the master
part, Ω2 the slave, and the mortaring at the contact surface is only done for the
latter, less rigid body, i.e. the stabilising term is now
(3.27) Sh(wh, ξh;vh, ηh) =
∑
E∈G2h
hE
µ2
(
ξh + σ2,n(w2,h), ηh + σ2,n(v2,h)
)
E
.
Repeating the steps above, we obtain λh = (lh(uh))+ , with
(3.28) lh(uh) = −σ2,n(u2,h)− µ2
αh2
Juh,nK .
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The contact region Γc(uh) is given by (3.19), with lh(uh) taken from (3.28), and
we have the following method.
Nitsche formulation 2. Find uh ∈ Vh such that
(3.29)
2∑
i=1
(σi(ui,h), ε(vi,h))Ωi +
( µ2
αh2
Juh,nK , Jvh,nK)
Γc(uh)
+
(
σ2,n(u2,h), Jvh,nK)
Γc(uh)
+
(
σ2,n(v2,h), Juh,nK)
Γc(uh)
− α
(h2
µ2
σ2,n(u2,h), σ2,n(v2,h)
)
Γ\Γc(uh)
=
2∑
i=1
(fi,vi,h)Ω2 ∀vh ∈ Vh.
Again, the term
α
(h2
µ2
σ2,n(u2,h), σ2,n(v2,h)
)
Γ\Γc(uh)
can be dropped, see Remark 3.1.
In the third alternative, we follow [12] and define the stabilising term through
(3.30) αSh(wh, ξh;vh, ηh) =
(
β−1h (ξh + {σn(wh)} ), ηh + {σn(vh)}
)
Γ
.
Repeating once more the above computations, we arrive at the following method.
Nitsche formulation 3. Find uh ∈ Vh such that
(3.31)
2∑
i=1
(σi(ui,h), ε(vi,h))Ωi +
(
βh Juh,nK , Jvh,nK)
Γc(uh)
+
(
{σn(uh)} , Jvh,nK)
Γc(uh)
+
(
{σn(vh)} , Juh,nK)
Γc(uh)
−
(
β−1h ({σn(uh)} ), {σn(vh)}
)
Γ\Γc(uh)
=
2∑
i=1
(fi,vi,h)Ωi ∀vh ∈ Vh,
with Γc(uh) given by (3.19) (and lh(uh) as in (3.17)).
Also here the term
(3.32)
(
β−1h ({σn(uh)} ), {σn(vh)}
)
Γ\Γc(uh)
can be dropped.
4. Error analysis
The energy norm for the problem is
(4.1)
2∑
i=1
(σi(wi), ε(wi))Ωi .
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For simplicity, we will exclude nearly incompressible materials so that it holds
λi . µi. With our choice of boundary conditions the Korn inequality is valid in
both regions. Hence, we have the norm equivalence
(4.2)
2∑
i=1
(σi(wi), ε(wi))Ωi ≈
2∑
i=1
µi‖w‖21,Ωi .
The error estimate will be given in the continuous norm
(4.3) |||(w, ξ)|||2 =
2∑
i=1
(
µi‖w‖21,Ωi +
1
µi
‖ξ‖2− 12 ,Γ
)
but in the analysis we will also use the following mesh dependent norm
(4.4) |||(wh, ξh)|||2h = |||(wh, ξh)|||2 +
2∑
i=1
∑
E∈Gih
hE
µi
‖ξh‖20,E .
The proof of the following stability estimate is practically identical to the one
presented in [9] and is thus omitted.
Theorem 4.1 (Continuous stability). For every (w, ξ) ∈ V ×Q there exists v ∈ V
such that
(4.5) B(w, ξ;v,−ξ) & |||(w, ξ)|||2
and
(4.6) ‖v‖V . |||(w, ξ)|||.
Above and in the following we write a & b (or a . b) when a ≥ Cb (or a ≤ Cb) for
some positive constant C independent of the finite element mesh.
To derive the discrete stability estimate, we need the following discrete trace
inequality, easily shown by a scaling argument.
Lemma 4.1 (Discrete trace estimate). There exists CI > 0, independent of the
mesh parameter h, such that
(4.7) CI
∑
E∈Gih
hE
µi
‖σi,n(vi,h)‖20,E ≤ µi‖vi,h‖21,Ωi ∀vi,h ∈ Vi, i = 1, 2.
The discrete stability can now be proven following the steps shown in [9].
Theorem 4.2 (Discrete stability). For every (wh, ξh) ∈ Vh × Qh there exists
vh ∈ Vh such that
(4.8) Bh(wh, ξh;vh,−ξh) & |||(wh, ξh)|||2h
and
(4.9) ‖vh‖V . |||(wh, ξh)|||h.
In our improved error analysis, we use techniques from the a posteriori error
analysis. Let fi,h ∈ Vi,h be the [L2(Ωi)]d projection of fi, define on any K ∈ Cih
the oscillation of fi by
oscK(fi) = hK‖fi − fi,h‖0,K , i = 1, 2,
and, for each E ∈ Gih, let K(E) ∈ Gih denote the element such that ∂K(E)∩E = E.
For the proof of the following result, we refer once more to [9].
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Lemma 4.2. For any (vh, ηh) ∈ Vh ×Qh, it holds that
(4.10)
( 2∑
i=1
∑
E∈Gih
hE
µi
‖ηh + σi,n(vi,h)‖20,E
)1/2
≤ |||(u− vh, λ− ηh)|||+
( 2∑
i=1
µ−1i
∑
E∈Gih
oscK(E)(fi)
2
)1/2
.
We can now establish the proof of the a priori estimate.
Theorem 4.3 (A priori error estimate). It holds that
(4.11)
|||(u− uh, λ− λh)||| . inf
(vh,ηh)∈Vh×Λh
(
|||(u− vh, λ− ηh)|||+
√
〈JunK , ηh〉)
+
( 2∑
i=1
µ−1i
∑
E∈Gih
oscK(E)(fi)
2
)1/2
.
Proof. On account of the discrete stability estimate, there exists wh ∈ Vh such that
(4.12) ‖wh‖V . |||(uh − vh, λh − ηh)|||h,
and
(4.13) |||(uh − vh, λh − ηh)|||2h . Bh(uh − vh, λh − ηh;wh, ηh − λh).
Using the bilinearity and (3.7), we obtain
(4.14)
Bh(uh − vh, λh − ηh;wh, ηh − λh)
= Bh(uh, λh;wh, ηh − λh)− Bh(vh, ηh;wh, ηh − λh)
. L(wh)− Bh(vh, ηh;wh, ηh − λh)
= B(u− vh, λ− ηh;wh, ηh − λh) + L(wh)
− B(u, λ;wh, ηh − λh) + αSh(vh, ηh;wh, ηh − λh).
The terms above can be estimated as follows. First, continuity of the bilinear form
B and inequality (4.12) yield
(4.15) B(u− vh, λ− ηh;wh, ηh − λh) . |||(u− vh, λ− ηh)||| |||(uh − vh, λh − ηh)|||.
Next, using the weak formulation (2.18) and the fact that JunK ≥ 0 and λh ≥ 0, we
obtain
(4.16) L(wh)− B(u, λ;wh, ηh − λh) = 〈JunK , ηh − λh〉 ≤ 〈JunK , ηh〉.
Finally, from the discrete trace estimate (4.7) it follows that
(4.17)
αSh(vh, ηh;wh, ηh − λh)
.
( 2∑
i=1
∑
E∈Gih
hE
µi
‖ηh + σi,n(ui,h)‖20,E
)1/2
|||(uh − vh, λh − ηh)|||h.
Using Lemma 4.2, and collecting the above estimates, we arrive at the asserted
error estimate. 
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For the a posteriori error analysis, we define the local estimators
η2K =
h2K
µi
‖divσi(ui,h) + fi‖20,K , K ∈ Cih,(4.18)
η2E,Ω =
hE
µi
‖Jσi(ui,h)nK‖20,E , E ∈ E ih,(4.19)
η2E,Γ =
hE
µi
{
‖λh + σi,n(ui,h)‖20,E + ‖σi,t(ui,h)‖20,E
}
(4.20)
+
µi
hE
‖(Juh,nK)−‖20,E , E ∈ Gih,(4.21)
η2E,ΓN =
hE
µi
‖σi(ui,h)n‖20,E , E ∈ N ih,(4.22)
with i = 1, 2. The corresponding global estimator η is then defined as
(4.23) η2 =
2∑
i=1
{ ∑
K∈Cih
η2K +
∑
E∈Eih
η2E,Ω +
∑
E∈Gih
η2E,Γ +
∑
E∈N ih
η2E,ΓN
}
.
In addition, we need an estimator S defined only globally as
(4.24) S2 =
(
(Juh,nK)+, λh)Γ.
Theorem 4.4 (A posteriori error estimate). It holds that
(4.25) |||(u− uh, λ− λh)||| . η + S.
Proof. In view of the continuous stability estimate, there exists v ∈ V , with
(4.26) ‖v‖V . |||(u− uh, λ− λh)|||,
and
(4.27) |||(u− uh, λ− λh)|||2 . B(u− uh, λ− λh;v, λh − λ).
Let v˜ ∈ Vh be the Cle´ment interpolant of v. From (3.7), it follows that
(4.28) 0 ≤ −B(uh, λh; v˜, 0) + αSh(uh, λh,−v˜, 0)− L(v˜).
Using the weak formulation (2.18), this gives
(4.29)
B(u− uh, λ− λh;v, λh − λ)
. L(v − v˜)− B(uh, λh;v − v˜, λh − λ) + αSh(uh, λh,−v˜, 0).
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Integrating by parts, we obtain for the first two terms above
(4.30)
L(v − v˜)− B(uh, λh;v − v˜, λh − λ)
=
2∑
i=1
∑
K∈Cih
(divσi(ui,h) + fi,vi − v˜i)K
−
2∑
i=1
∑
E∈Eih
(Jσi(ui,h)nK ,vi − v˜i)E
−
2∑
i=1
∑
E∈N ih
(σi(ui,h)n,vi − v˜i)E −
2∑
i=1
∑
E∈Gih
(σi,t(ui), (vi,t − v˜i,t))E
−
2∑
i=1
∑
E∈Gih
(λh + σi,n(ui,h), (vi − v˜i) · n)E + 〈Juh,nK , λh − λ〉,
Moreover, using an inverse inequality for the H1/2(Γ)-norm (cf. [8]) we get
(4.31)
〈Juh,nK , λh − λ〉 ≤ ((Juh,nK)+, λh)Γ + 〈(Juh,nK)−, λh − λ〉
.
(
(Juh,nK)+, λh)Γ
+ |||(u− uh, λ− λh)|||
(
(µ1 + µ2)‖(Juh,nK)−‖21/2,Γ)1/2
.
(
(Juh,nK)+, λh)Γ
+ |||(u− uh, λ− λh)|||
( 2∑
i=1
∑
E∈Gih
µi
hE
‖(Juh,nK)−‖20,E)1/2.
Finally, using the discrete trace estimate (4.7) and the standard bounds for the
Cle´ment interpolant, and recalling (4.26), we obtain for the stabilising term
(4.32)
|Sh(uh, λh,−v˜, 0)|
.
( 2∑
i=1
∑
E∈Gih
hE
µi
‖λh + σi,n(ui,h)‖20,E
)1/2
|||(u− uh, λ− λh)|||.
Estimate (4.33) follows from collecting the above bounds. 
The estimator η bounds the error from below. For the proof of the following
theorem we refer to [10].
Theorem 4.5 (A posteriori estimate – effiency). It holds that
(4.33) η . |||(u− uh, λ− λh)|||.
The analysis of Methods 2 and 3 is analogous. In the a posteriori estimates the
term
2∑
i=1
∑
E∈Gih
hE
µi
‖λh + σi,n(ui,h)‖20,E ,
is replaced by
(4.34)
∑
E∈G2h
hE
µ2
‖λh + σ2,n(u2,h)‖20,E ,
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and
(4.35) ‖β−1/2h (λh + {σn(uh)} )‖20,Γ,
for Method 2 and 3, respectively.
5. Computational experiments
All computations presented in this section were obtained using the Nitsche for-
mulation 3 with the term (3.32) dropped. Had we considered other formulations,
the results would have been practically identical.
5.1. Block against a block. We consider the geometry given by
(5.1) Ω1 = [0.5, 1.0]× [0.25, 0.75], Ω2 = [1, 1.6]× [0, 1],
and define the boundary conditions as follows:
ΓD,1 = {(x, y) ∈ ∂Ω1 : x = 0.5}, ΓN,1 = ∂Ω1 \ (ΓD,1 ∪ Γ),(5.2)
ΓD,2 = {(x, y) ∈ ∂Ω2 : x = 1.6}, ΓN,2 = ∂Ω2 \ (ΓD,2 ∪ Γ).(5.3)
Thus, the geometry is the one given in Figure 1. A nonmatching discretisation
of the geometry is depicted in Figure 2. Initially, the material parameters are
E1 = E2 = 1 and ν1 = ν2 = 0.3. Furthermore, we use piecewise linear elements
and α = 10−2.
The displacements and the stresses corresponding to the loading
(5.4) f1 = (0.5, 0), f2 = (0, 0),
are given in Figure 3. No evident contact locking is visible in the stress field although
the meshes are nonconforming on the interface. The stabilisation parameter has a
negligible effect as long as the parameter is reasonably small, see Figure 4.
In Figure 5, we demonstrate that the method is stable and works equivalently
well in the presence of jumps in the material parameters over the interface by solving
the problem first with E2 = 10 and then with E2 = 10
−1. This suggests that the
scaling of the stabilisation term with respect to the material parameter is correct.
A similar result with respect to the mesh parameter can be found in Figure 6.
Next we consider the loading
(5.5) f1 = (0,−0.05), f2 = (0, 0),
which causes the left block to bend slightly downwards and, as a consequence,
the active contact region is a proper subset of Γ. The resulting stress fields are
visualised in Figure 7. Again, no instabilities are evident in the stress fields.
5.2. Convergence study. We continue with the two-block geometry and solve a
similar problem using uniform and adaptive mesh refinements. The loading is now
(5.6) f1 = (x− 0.5, 0), f2 = (0, 0),
with the displacement constrained on ΓD,i, i = 1, 2, only in the horizontal direction.
This choice minimizes the effect of the singularities – other than the ones related
to the contact boundary – on the rates of convergence. The material parameters
are E1 = E2 = 1 and ν1 = ν2 = 0.3, and we consider both linear and quadratic
elements, with α = 10−2 and α = 10−3, respectively.
The initial and the adaptively refined meshes are shown in Figure 8. The global
error estimator η + S is plotted as a function of the number of degrees-of-freedom
N in Figure 9 and the uniform and the adaptive convergence rates are computed
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for linear and quadratic elements. Since η + S is an upper bound for the total
error, the results suggest that the total error of the quadratic solution is limited to
O(N−0.5) when using uniform refinements and that adaptivity improves the order
of the discretisation error to O(N−1).
0.50 0.75 1.00 1.25 1.50
0.0
0.2
0.4
0.6
0.8
1.0
Figure 2. The finite element mesh and the vertices belonging to Γ.
0.50 0.75 1.00 1.25 1.50
0.0
0.2
0.4
0.6
0.8
1.0
σxx
−0.05
0.00
0.05
0.10
0.15
0.50 0.75 1.00 1.25 1.50
0.0
0.2
0.4
0.6
0.8
1.0
σxy
−0.03
−0.02
−0.01
0.00
0.01
0.02
0.03
0.50 0.75 1.00 1.25 1.50
0.0
0.2
0.4
0.6
0.8
1.0
σyy
−0.02
0.00
0.02
0.04
0.06
0.08
0.50 0.75 1.00 1.25 1.50
0.0
0.2
0.4
0.6
0.8
1.0
σv
0.00
0.02
0.04
0.06
0.08
0.10
0.12
Figure 3. The resulting stress fields with f1 = (0.5, 0) and f2 = (0, 0).
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(a) α = 10−2
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(b) α = 10−3
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(c) α = 10−4
Figure 4. The effect of the stabilisation parameter is minimal.
References
[1] H. J. C. Barbosa and T. J. R. Hughes, The finite element method with Lagrange multipli-
ers on the boundary: circumventing the Babusˇka-Brezzi condition, Comput. Methods Appl.
Mech. Engrg., 85 (1991), pp. 109–128.
[2] , Boundary Lagrange multipliers in finite element methods: error analysis in natural
norms, Numer. Math., 62 (1992), pp. 1–15.
[3] R. Becker, P. Hansbo, and R. Stenberg, A finite element method for domain decomposi-
tion with non-matching grids, ESAIM Math. Model. Numer. Anal., 37 (2003), pp. 209–225.
[4] F. Chouly, M. Fabre, P. Hild, R. Mlika, J. Pousin, and Y. Renard, An overview of
recent results on Nitsche’s method for contact problems, in Geometrically Unfitted Finite
Element Methods and Applications, S. Bordas, E. Burman, M. Larson, and M. Olshanskii,
eds., vol. 121 of Lecture Notes in Computational Science and Engineering, Springer, 2017,
pp. 93–141.
[5] F. Chouly, M. Fabre, P. Hild, J. Pousin, and Y. Renard, Residual-based a posteriori
error estimation for contact problems approximated by Nitsche’s method, IMA J. Numer.
Anal., 38 (2018), pp. 921–954.
[6] F. Chouly and P. Hild, A Nitsche-based method for unilateral contact problems: numerical
analysis, SIAM J. Numer. Anal., 51 (2013), pp. 1295–1307.
[7] F. Chouly, R. Mlika, and Y. Renard, An unbiased Nitsche’s approximation of the fric-
tional contact between two elastic structures, Numer. Math., 139 (2018), pp. 593–631.
16 TOM GUSTAFSSON, ROLF STENBERG, AND JUHA VIDEMAN
0.50 0.75 1.00 1.25 1.50
0.0
0.2
0.4
0.6
0.8
1.0
σv
0.00
0.02
0.04
0.06
0.08
0.50 0.75 1.00 1.25 1.50
0.0
0.2
0.4
0.6
0.8
1.0
σxx
−0.10
−0.05
0.00
0.05
0.10
(a) E1 = 1, E2 = 10
0.50 0.75 1.00 1.25 1.50
0.0
0.2
0.4
0.6
0.8
1.0
σv
0.00
0.02
0.04
0.06
0.08
0.10
0.12
0.14
0.16
0.50 0.75 1.00 1.25 1.50
0.0
0.2
0.4
0.6
0.8
1.0
σxx
0.00
0.05
0.10
0.15
0.20
(b) E1 = 1, E2 = 10
−1
Figure 5. The effect of the Young’s modulus.
0.6 0.8 1.0 1.2 1.4 1.6
0.0
0.2
0.4
0.6
0.8
1.0
σv
0.00
0.02
0.04
0.06
0.08
0.10
0.12
0.6 0.8 1.0 1.2 1.4 1.6
0.0
0.2
0.4
0.6
0.8
1.0
σv
0.00
0.02
0.04
0.06
0.08
0.10
0.12
Figure 6. The effect of the mesh parameter.
[8] W. Dahmen, B. Faermann, I. G. Graham, W. Hackbusch, and S. A. Sauter, Inverse
inequalities on non-quasi-uniform meshes and application to the mortar element method,
Math. Comp., 73 (2004), pp. 1107–1138.
ON NITSCHE’S METHOD FOR ELASTIC CONTACT PROBLEMS 17
0.50 0.75 1.00 1.25 1.50
0.0
0.2
0.4
0.6
0.8
1.0
σv
0.00
0.01
0.02
0.03
0.04
0.05
0.06
0.50 0.75 1.00 1.25 1.50
0.0
0.2
0.4
0.6
0.8
1.0
σxy
−0.025
−0.020
−0.015
−0.010
−0.005
0.000
(a) E1 = 1, E2 = 10
−1
0.50 0.75 1.00 1.25 1.50
0.0
0.2
0.4
0.6
0.8
1.0
σv
0.00
0.01
0.02
0.03
0.04
0.05
0.06
0.50 0.75 1.00 1.25 1.50
0.0
0.2
0.4
0.6
0.8
1.0
σxy
−0.025
−0.020
−0.015
−0.010
−0.005
0.000
(b) E1 = 1, E2 = 1
0.50 0.75 1.00 1.25 1.50
0.0
0.2
0.4
0.6
0.8
1.0
σv
0.00
0.01
0.02
0.03
0.04
0.05
0.06
0.50 0.75 1.00 1.25 1.50
0.0
0.2
0.4
0.6
0.8
1.0
σxy
−0.025
−0.020
−0.015
−0.010
−0.005
0.000
(c) E1 = 1, E2 = 10
Figure 7. Downward loading on the left block.
[9] T. Gustafsson, R. Stenberg, and J. Videman, Error analysis of Nitshe’s mortar method,
Numerische Mathematik, Accepted for publication.
[10] , Mixed and stabilized finite element methods for the obstacle problem, SIAM J. Numer.
Anal., 55 (2017), pp. 2718–2744.
[11] , On finite element formulations for the obstacle problem – mixed and stabilised meth-
ods, Comput. Methods Appl. Math, 17 (2017), pp. 413–429.
18 TOM GUSTAFSSON, ROLF STENBERG, AND JUHA VIDEMAN
0.50 0.75 1.00 1.25 1.50 1.75
0.0
0.2
0.4
0.6
0.8
1.0
(a) The initial mesh.
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(b) P1 after 8 adaptive refinements.
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(c) P2 after 8 adaptive refinements.
Figure 8. The initial and the adaptively refined meshes for linear
P1 and quadratic P2 elements.
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